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where B (x) are the Bernoulli polynomials. The generating function is n defined for all y except possibly y = 0. When y = 0, the generating function is an indeterminate form, but using L'Hospital's Rule it is found that liro^f(x, y) = 1 for any x. Hence, f{x, 0) will be defined as unity.
The first few polynomials can be determined by long division.
Expanding both numerator and denominator of the generating function in Maclaurin series yields Asgtts Taylor, Ad\-aiiced Calculus, p. 121. 
equation (7) becomes f(x.y)= y^Py •^^> Expansion of (1 + Y) by means of the Binomial Theoremi yields
The generating function is now expressed as the product of two convergent Bo ( 
e^-l e^-1 n=0 " n! Equating the right-hand members of equations (12) and (13) 
and equating corresponding coefficients of y gives the relationship, 
From Theorem 2, B (1) = B , n = 0, 2, 3, 4, n n From Theorems 1 and 2,
Thus, for q~1 and x = 1, equation (14) may be written as
Define the difference operator^^by the relation: Letting n = t+1 in equation (16) and comparing equations (15) and (16), one has
Using the results of equation (22), equation (18) becomes
<23,'
Differentiating both sides of equation (23) with respect to x, one finds n-1 n-l_ t=0 nx"" =^C(n,t)B(x).
This theorem enables one to express the Bernoulli polynomial of degree n in terms of Bernoulli polynomials of lower degree. This result is seen more easily by letting m = n-1 in equation (24) 1-e -2y (25) Multiply both sides of equation (25) 
e^-l 1-e^n=0 .
n! Equating the fight-hand members of equations (32) and (33) with -a<^t<^a can be deduced on the assumption that f(x) has n+1 derivatives in T-a, aj. For the particular case where f(x) is a polynomial of degree less than or equal to n, equation (38) reduces to the finite series:
In considering the problem of expanding a polynomial in terms of 4 factorial polynomials one encounters Newton's formula , f(x) = f(0)+Af (0) 
The coefficients a can be determined by formal methods, as will be n shown.
If one integrates both sides of equation (40) D^i{K) = a n!.B^(x) + a^fn+l)(n)(n-l)-• - (2) An alternate fornn of the Euler-Maclaurin fornnula that is useful in summation problems will now be developed. In order to do this, it is necessary to introduce a displacement operator E defined by the equation
Ef(x) = f(x + 1).
A relationship between the displacement operator E and the difference operator LA must also be derived. By definition,
Therefore,
Summing equation (44) as x ranges from to n-1 yields, n-1
Expanding f(x+l) in a Taylor's series gives, r^-I n=0^-As stated previously,
Hence, comparing the operators, one has e°=l+zi.
Introducing the operator /\ one can rewrite Expanding equation (46) 
